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ON THE SENSITIVITY OF ECOLOGICAL ECONOMICS
MODELS OF LAKE WATER RESOURCE MANAGEMENT
TO THE WELFARE FUNCTION PARAMETERS

D. V. Kovalevsky

Nansen International Environmental and Remote Sensing Centre (NIERSC),
Saint Petersburg State University

A generalized version of the shallow lake economics model, built upon the initial version
of the model as described in a seminal paper by Maler et al. (2003) was developed and
analyzed. The model is able to simulate the coupled economic-ecological dynamics un-
der the conditions of pronounced nonlinearity of the ecological (lake) module leading to
hysteresis effects and irreversibility for certain values of model parameters. The decision-
making in the area of lake water management is parameterized by the social welfare func-
tion consisting of two terms: the utility originating from the economic activity in the lake
surroundings (increasing with the anthropogenic loading on the lake), and the disutility
originating from the pollution of the lake (increasing with the pollution level). From the
economic side, the problem is therefore to find a tradeoff between the level of economic
activity in the lake surroundings and the pollution level. In the basic version of the model,
the disutility related to pollution is quadratic in phosphorous concentration. This quadratic
disutility is replaced with a more general power law, and the sensitivity of the general-
ized model to its exponent is explored. The numerical analysis performed suggests that
the generalized model is quantitatively sensitive to varying the value of the exponent, yet
structurally robust.

Keywords: lake pollution dynamics; nonlinearity; hysteresis; anthropogenic loading;
mathematical economics; optimal control.

O. B. Kosanesckuin. O YYBCTBUTEJIbHOCTU 3KOJIOr0-9KOHOMM-
YECKUX MOQAEJIEA YNPABJIEHUS BOAHbIMM PECYPCAMM O3EP
K MAPAMETPAM ®YHKLUWU BJIATOCOCTOAHUNSA

Paspab6oTtaHa 1 npoaHanuanpoBaHa 06006LLeHHass Bepcust MOOENN 3KOHOMUKN MEJTKMUX
03ep, OCHOBOW A1 KOTOPOW NOCY>XWia MoAe b, OnNncaHHas B NMoHepHol padote Maler
et al. (2003). Mogenb COCTOMT 13 ABYX B3aMMOCBSA3AHHbIX MOAYNEN — SKOHOMUYECKOrO
M 3KOJIOMrMYECKOro (03epHoro). NocnegHu 3agad B GoOpMe HENIMHENHOW AuHaMuyec-
KOW MoAenmn, CBA3bIBAIOLWEN N3MEHEHNE KOHLLEeHTpaunn ¢docdopa B 03epe C BHELLHEN
(B TOM YMcne aHTPOMOreHHo) Harpy3koi. Moaens cnocobHa BOCNPOU3BOAUTL AMHA-
MUKY 06beANHEHHOI 3KOJTIOr0-9KOHOMUNYECKOW CUCTEMbI B YCITOBUSIX CUITbHOM HENTMHEN -
HOCTM 3KOJIOrMYECKOro Moaynsd, rnpu onpefenieHHbIX 3Ha4YeHnax napamMmeTpos Moaenu
NPUBOASLLEN K rMCTEpe3ncHbIM addektam 1 HeobpaTtumocTu. MNpuHATME peLLeHnid
B 06/1aCTV ynpasneHns BOAHLIMU pecypcammn o3epa dopMannlyeTcs nyTemM BBEOEHUS
dyHKLUMM 6NarococTosHUS, BKIOYatoLLLEN B ce0s1 M0IE3HOCTb, 00YCIIOBNEHHYIO BbICOKUM
YPOBHEM 3KOHOMWYECKOM aKTUBHOCTU Ha BOAOCOOPE (PacTyLLyld C POCTOM aHTPOMO-
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reHHOW Harpysku Ha 03epo), a Takke HeraTuBHble 3dEKThl, BbI3BAHHbIE 3arpPs3HEHU-
em o3epa (YCUINBAIOLLMECS C POCTOM YPOBHS 3arpsidHeHns). C 9KOHOMMYECKOW TOHKM
3peHns 3a4a4a CBOAUTCS K HAXOXAEHMIO ONTUMaIbHOro KOMMPOMMUCCa MEXY POCTOM
9KOHOMUYECKOM aKTUBHOCTU U YCUNIEHNEM 3arpsisHeHnst o3epa. B ncxoaHol Bepcum mo-
[0env ykasaHHble HeraTueHble 3 deKTbl NPeanonaraioTcs KBaapaTuYHbIMU Mo KOHLEHT-
pauunn pocdopa B 03epe. B HacToswen paboTe B CTaTUYECKOM Cily4ae BbINOJIHEH aHa-
M3 06006LEHHOM BEPCMM MOLENV, B KOTOPOW yKadaHHast KBagpaTuiHasi 3aBUCMMOCTb
3ameHeHa 6osiee 0OLLei CTeneHHON 3aBUCUMOCTLIO C MPOU3BOJIbHLIM MOKa3aTeneMm.
BbINOSIHEHHbIE YMCIEHHbIE PACYETbl CBUAETENLCTBYIOT O TOM, 4TO 0606LIEHHast MOAE/b,
6yay4v HyBCTBUTESIbHOM K 3HAYEHMIO NoKasaTess CTeNeHn Ha KOMYeCTBEHHOM YPOBHE,
0CTaeTCcs TeM He MeHee CTPYKTYPHO YCTOMYMBOW NpY BapbUPOBaHMM AAaHHOT0 3HAYEHUS.

Kniouyesble cnoBa: AMHaMuKa 3arpsa3HeHUs 03epa; HeJIMHEMHOCTb; MCTepesunc;
AHTPOMNOreHHada Harpyska; aKOHOMMKO-MaTemMaTndeckme MeTodpbl; onTMMalibHOe yrnpaB-

neHue.

1. Introduction

Modeling of lake dynamics, human impacts on
lake ecosystems, and elaboration of model-based
scenarios of sustainable water management in
catchments has remarkably advanced in recent
decades [Astrakhantsev et al., 2003; Menshutkin
et al., 2014; Rukhovets and Filatov, 2010, 2014].
Natural scientists develop detailed, realistic mod-
els with fine spatial resolution, incorporating the
description of numerous complex processes evolv-
ing in lakes and lake ecosystems. However, despite
all these impressive advances, there is still room
for simple models in this research area. Econom-
ic-ecological models of lake water management,
where both the economic and the ecological mod-
ules of the coupled model are often highly stylized,
are able to generate surprisingly rich and versatile
dynamics, and also to supply decision-makers in
the area of sustainable water resource manage-
ment with non-trivial policy relevant information.

Particularly, a new research area known as
“economics of shallow lakes” has evolved recently
within the domain of ecological economics [Maler
et al., 2003; Moghayer, 2012; Moghayer and Wa-
gener, 2012; Wagener, 2013]. The present paper is
devoted to the analysis of a generalized version of
the shallow lake economics model, built upon the
‘canonical’ version of the model as described in
a seminal paper by Maler et al. [2003].

It should be noted from the very beginning that,
in the author’s opinion, the adjective ‘shallow’ in
the term “economics of shallow lakes” should in no
way be regarded as a ‘keyword’. Instead, already
in the pioneering paper by Maler et al. [2003] cited
above, the authors express their firm belief that “...
it can be expected that the same type of model will
be adequate <for deep lakes>" [Maler et al., 2003,
p. 108]. Recent studies provide new supporting ev-
idence to this argument. Particularly, the hysteresis
effects successfully mimicked by the shallow lake

model (Sec. 2 below) — probably, the most interest-
ing feature of the modelling framework presented
below — are apparently relevant not for shallow
lakes only, but also for certain deep lakes, e. g. the
Lake Ladoga [Pozdnyakov et al., 2013].

The rest of the paper is structured as follows.
The ecological module of the shallow lake eco-
nomics model is described in Sec. 2, while the
economic module of the same model is outlined in
Sec. 3. In Sec. 4, a generalized shallow lake eco-
nomics model is presented and analyzed in a static
case. Particularly, the sensitivity of the model to the
specification of social welfare is estimated numeri-
cally. Sec. 5 concludes.

2. Phosphorous concentration dynamics in
a shallow lake

Following Carpenter and Cottingham [1997] and
Scheffer [2004], Maler et al. [2003] model the dy-
namics of the eutrophication process in a shallow
lake by an ordinary differential equation of the form

P?(t)
P2(t)+m?’

where P(t) is the amount of phosphorous in algae,
L(t) is the loading (i. e. the input of phosphorous),
including the anthropogenic fraction, § is the rate
of loss caused by sedimentation, outflow and se-
questration in other biomass, r is the maximum
rate of internal loading, and m is the anoxic level.
Note that &, r, and m are constant, while the load-
ing L(t) is generally time-dependent. Hereinafter,
the dot over a variable denotes the time derivative.
For a brief non-technical discussion of ecological
processes in shallow lakes mimicked by Eq. (1)
see [Wagener, 2013, Sec. 2.1].
By introducing non-dimensional variables
P(t)

s(t)=—r, (2)
m

P(t)=L(t)—EP(t)+r P(0)=P,, (1)
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a(t) = (3)
a non-dimensional lake parameter
p=5", (4)
’

and the non-dimensional time

p-rt (5)
m
(the prime in Eq. (5) will be omitted below), we re-
write Eq. (1) in a non-dimensional form

$=a(t)-g(s),s(0)=s (6)

0’
where an auxiliary function g(s) is introduced:
2

g(s)=bs— (7)

14+5°°

Dependent on the value of the lake parameter
b, a simple dynamic model (6)-(7) can demon-
strate pronounced nonlinearity, hysteresis effects,
and irreversibility’.

Suppose that the non-dimensional loading
a(t) is constant over time: a(t) =a = const. Then,
according to Egs. (6)-(7), the non-dimensional
phosphorous concentration s(t) will asymptotically
converge to a steady state where

a=g(s). (8)

If there are multiple steady states, the particular
steady state to which the concentration converges
may depend on the initial condition s,,.

The curve a=g(s) is called the response
curve of the system. Three response curves
corresponding to three different values of the lake
parameter b (b =0.48; 0.50; 0.52) are shown in
Figure 1.

It is easy to prove that in the case of
b2 3\/5/8 (b > 0.65; case not shown in Figure 1)
there is one and only one steady state for every
value of a.

If 1/2<b<3.3/8 (0.5<b<0.65), we have
the reversible case and the hysteresis effect (see
the light gray curve in Figure 1 corresponding to
b =0.52). For a certain range of loading, there are
now three steady states. Two of them (designated
as solid parts of the curve) are stable (referred to
as low pollution (LP) steady state and high pollu-
tion (HP) steady state below), while the third one
(marked as a dashed part of the curve) is unstable.

" It should be mentioned that research questions related to
nonlinearity, thresholds and irreversibility in coupled economic-
environmental models in the presence of environmental tipping
points go well beyond the particular research area of economics
of shallow lakes and are also highly relevant to other areas of
environmental/ecological economics, notably the economics of
climate change [Arto et al., 2013].
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Fig. 1. The response curves of the shallow lake model
for three values of the lake parameter b: the light gray
curve — reversible case (b=0.52); the black curve —
irreversible case (b =0.48); the gray curve — threshold
case (b=0.50). Solid curves: stable steady states.
Dashed curves: unstable steady states. Horizontal axis:
loading (a). Vertical axis: phosphorous concentration
(s). See details in Sec. 2

Suppose thatinitially there is no loading (a = 0) and
no phosphorous in the lake (s = 0), but then the load-
ing starts increasing very slowly (quasi-stationary).
Until a tipping point is reached, the phosphorous con-
centration will gradually increase along the LP branch
of the light gray response curve. Then, at the tipping
point, the lake will rapidly move to a HP state (light gray
vertical line with an upward arrow). Suppose, then,
thatimmediately after that the loading starts decreas-
ing slowly. Then the concentration starts decreasing,
too, along the HP branch of the light gray response
curve, until another tipping point is reached, and the
lake rapidly moves to a LP state (light gray vertical
line with a downward arrow). This is a manifestation
of the pronounced nonlinearity of the system and the
hysteresis effect in the lake. Still, the lake dynamics is
reversible, although profoundly nonlinear.

If0<b<1/2(0<b<0.5),wehave theirrevers-
ible case of the lake dynamics (see the black curve
in Figure 1 corresponding to b = 0.48): if the lake is
ina HP state it is trapped there and will never return
to a LP state.

Finally, b=1/2 (b=0.5) is the threshold value
of the lake parameter separating reversible cases
from irreversible ones (see the gray curve in Fig-
ure 1 corresponding to b = 0.50).

3. Shallow lake economics

In a shallow lake economics model [Méaler et
al., 2003; Wagener, 2013] the social welfare stream
W(a,s) is defined as

W=U -D, 9)
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where

U,=Ina (10)
is the utility originating from the economic activity
in the lake surroundings (higher loading implies
higher level of economic, notably agricultural, ac-
tivity), while

- 2
DE—CS

(11)

is the disutility originating from the pollution of the
lake. The parameter ¢ in Eq. (11) is the measure of
economic costs of lake pollution.

In essence, the problem of the economics of shal-
low lakes defined by Eqgs. (9)—(11) is to find a tradeoff
between the level of economic activity in the lake sur-
roundings and the level of lake pollution. From ma-
thematical standpoint, the respective problem can be
posed (and solved) at various levels of complexity.

The simplest model setup is the static analy-
sis: provided the response curve a = g(s) relating
the static loading and the corresponding steady
state(-s) is known, to find the ‘optimal’ value of
loading (and hence of the phosphorous concentra-
tion) maximizing the welfare (9).

Alternatively, and much in the spirit of the semi-
nal Ramsey — Cass — Koopmans model of eco-
nomic growth [Barro and Sala-i-Martin, 2003],
a dynamic optimization problem can be posed: to
maximize the discounted welfare
+o0
[w(a(),st)exp(-pt)dt,

0

where p is the discount rate, W(a(t),s(t)) is defined
by Egs. (9)-(11), and s(t) depends on a(t) through
the dynamic model (6)—(7).

As Wagener [2013] notes, if in Eq. (12) we adopt
the value p = 0 for the discount rate (the choice ad-
vocated by Ramsey himself in his pioneering paper
[Ramsey, 1928]), the optimal solutions of the dy-
namic optimization problem (12) will converge to
those of the static case.

Finally, if the lake is controlled by several pol-
luters, the shallow lake economics problem can be
reformulated in various game-theoretical settings.

W= (12)

4. On the sensitivity of the shallow lake
economics model to welfare specification

A fundamental question important for nearly all
mathematical models of real-world phenomena is
to what extent the model is robust with respect to
modelling assumptions.

In the present paper, this question is discussed
with respect to the shallow lake economics model
described in Secs. 2-3. Particularly, the sensitivity
of the model to the specification of social welfare is
explored (Egs. (9)-(11)).

As discussed in Sec. 3, in the ‘canonical’ shal-
low lake economics model [Maler et al., 2003; Wa-
gener, 2013] the social welfare W (Eq. (9)) consists
of two terms: the utility U, logarithmic in loading
(Eq. (10)) and the disutility D, quadratic in pollution
(Eq. (11)). It should be noted that the structure of
U, and D, in the ‘canonical’ model is, in fact, purely
heuristic, and, to a large extent, the choice of the
structural formfor U, and D, is made on the ground
of tractability of the resultant model.

For instance, logarithmic utilities (like U, in
Eq. (10)) are indeed quite popular in many models
of mathematical economics (specifically in eco-
nomic growth theory); however, a number of ‘com-
peting’ utility specifications does exist that are at
least as popular as the logarithmic utility (cf. [Barro
and Sala-i-Martin, 2003]). Similarly, the quadratic
dependence of disutility D,_on pollution (Eqg. (11)) is
an ad hoc assumption.

So the questionis: how will the shallow lake eco-
nomics model change if we modify the specifica-
tion of welfare, hence changing the assumptions
about the values of decision-makers and the me-
chanisms of decision-making?

In the present section, we address this ques-
tion by conducting numerical experiments with
a generalized static shallow lake economics model
(Sec. 3) where the quadratic dependence of disutil-
ity D, on pollution (Eq. (11)) is replaced with a more
general power law:

DY’ =cs” (13)

(note that in the ‘canonical’ shallow lake econom-
ics model § = 2).

As follows from the analysis presented in
Secs. 2-3, the ‘canonical’ static shallow lake
economics model is essentially defined by nu-
meric values of two non-dimensional parameters,
namely, the lake parameter b (Eq. (4)) appearing
in the response function, and the pollution cost pa-
rameter ¢ appearing in disutility D, (Egs. (11) and
(13)). With modified disutility D, now dependent
on B (Eq. (13)), the parameter 8 becomes the third
key model parameter.

Figure 2, a—d, presents the phase diagrams in
the parameter space b — ¢ for the generalized stat-
ic shallow lake economics model with §=1.0; 1.5;
2.0; and 3.0, respectively. For each phase diagram,
the horizontal axis corresponds to the lake param-
eter b, while the vertical axis corresponds to the
pollution cost parameter ¢. The parameter space is
splitinto four domains labeled as 1MAX, LP, HP, and
IS, respectively.

The 1MAX domain corresponds to the case
where the social welfare as a function of loading
has a single local maximum, which is also the glo-
bal maximum.
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Fig. 2. The phase diagrams for the generalized static shallow lake economics model for four different values of the
disutility exponent 8: a) 8=1.0; b) 8=1.5; ¢) 8=2.0; d) B = 3.0. Horizontal axis: the lake parameter (b). Vertical axis:
the pollution cost parameter (c). The labels of the domains on phase diagrams (1MAX, LP, HP, IS) are explained in

Sec. 4

In the LP and HP domains, there are two sepa-
rate local maxima. In the LP domain, the low pollu-
tion maximum is the global one, while in the HP do-
main, the high pollution maximum is the global one.

Finally, in the IS domain the optimal loading de-
pends on the initial state of the system. In fact, in
the IS domain the low pollution maximum is higher
than the high pollution one, just like in the LP do-
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main. However, in the IS domain b < 0.5, so the
lake dynamics is irreversible (Sec. 2). Hence, de-
pendent on the initial state, this low pollution maxi-
mum might, unfortunately, be unreachable.

As follows from Figure 2, for different values of
parameter B the positions of boundaries of the do-
mains on phase diagrams are quantitatively diffe-
rent; yet, in all cases considered the phase diagram




is qualitatively the same. Therefore, we come to
a conclusion that the generalized static shallow lake
economics model considered in the present sec-
tion is quantitatively sensitive to varying the value of
parameter Bin Eq. (13), yet structurally robust.

5. Conclusions

In this paper, we have presented the first re-
sults of the analysis of a generalized shallow lake
economics model built upon the seminal model
by Maler et al. [2003]. As discussed in Sec. 4, the
specification of the social welfare in the initial ver-
sion of the model [Méler et al., 2003] was to a large
extent made on an ad hoc basis. At the same time,
it is precisely the welfare specification that rep-
resents the values and preferences of decision-
makers, and hence the mechanisms of decision-
making, in the ‘canonical’ shallow lake economics
modelling framework.

The social welfare stream, as defined above,
consists of two terms: the utility originating from
the economic activity in the lake surroundings, and
the disutility originating from the pollution of the
lake. The model was generalized here by replac-
ing the disutility quadratic in pollution with a more
general power law, and the sensitivity of the gen-
eralized model to its exponent was explored. The
numerical results presented suggest that the gen-
eralized model is quantitatively sensitive to varying
the value of the exponent, yet structurally robust.

Other possible modifications of the social wel-
fare can of course be analyzed as well. For in-
stance, the logarithmic utility might be replaced
with a power law; also, a multiplicative form of wel-
fare function might be considered instead of an
additive form. This analysis is, however, left for fur-
ther research.

The author is grateful to D. V. Pozdnyakov for
helpful comments. The research leading to the
reported results has received funding from the
European Community’s Seventh Framework Pro-
gramme under Grant Agreement No. 308 601
(COMPLEX).
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